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Question 1 [20 marks] 


Consider the function 


o:RxRORt 


given by o(x,y) = (x —y)?. 
Decide whether o defines a metric on R, carefully justifying your answer. 


Question 2 [20 marks] 


Let (Y,U) be a topological space and X a topological space equipped with the discrete 
topology. Prove that any mapping f: X — Y is continuous. 


Question 3 [20 marks] 


(a) Prove that (X,7) is a T;, space if and only if for each x € X, {x} is closed in X. 


(b) Prove that (X,7) is a Tz space (Hausdorff space) if and only if the diagonal A = 
{(a,xz) € X x X: x € X} is closed in the Cartesian product X x X equipped with the 
product topology. 


Question 4 [20 marks] 


Let (X,7), (Y,U) be topological spaces and take X x Y with the product topology. 
Prove that X x Y is connected if and only if both X and Y are connected. 


Question 5 [20 marks] 


Decide which of the following statements are true and which are false. 
Provide a proof for those which are true, and a counter-example for those which are false. 


(a) Every continuous function f: R— Q is a constant. It is assumed that both Q and R 


are equipped with the standard Euclidean topology. 
(b) Every closed subset of a compact space is compact. 


(c) Every compact subset of a Hausdorff space is closed. 


(Question 6 is on page 3.) 
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Question 6 [20 marks] 


Let [0,1] = { € R: 0 < « < 1} and (0,1] = {x € R: 0 < x < 1}, equipped with the 
standard Euclidean topology. 

(a) Prove that every continuous function f: [0,1] —> [0,1] has a fixed point, that is, 
the equation f(z) =z has at least one solution x € [0, 1]. 


(b) Give an example of a continuous function f: (0,1] —> (0, 1] which does not have a 
fixed point. 


(c) Prove that no continuous surjective function f: (0, 1] —> R can be injective. 


Question 7 [20 marks] 
(a) Prove that a uniformly continuous function between metric spaces maps Cauchy se- 
quences in its domain to Cauchy sequences in its co-domain. 


(b) Give an example of a continuous function between metric spaces and a Cauchy sequence 
in its domain such that the image of the sequence is not a Cauchy sequence. 
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